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Abstract: 
Recently the new method of the Cherenkov fields and loss factors of a point-like electron bunch 
passing through longitudinally homogeneous structures lined with arbitrary slowdown layers was 
proposed [1]. It was shown that the Cherenkov loss factor of the short bunch does not depend on 
the waveguide system material and is a constant for any given transverse dimensions and cross-
section shapes of the waveguides. It was shown that with the proposed approach one can use a 
relatively simple method for the calculation of the total loss factor using an integral relation 
based on the cylindrical slowdown waveguide model. With this paper, we demonstrate that the 
same integral relation that we call “relativistic Gauss theorem” can be applied in case impedance 
boundary conditions (IBC) also known as Leontovich boundary conditions.  
Introduction.  
Relativistic, high intensity and small emittance electron bunches are the basis of linear collider 
(ILC [2], CLIC [3]) and FEL (LCLS, X-FEL etc.) [4] projects among many others. These 
bunches excite Cherenkov wakefields as long as electrons pass through the accelerating 
structures or other longitudinally extended components of a beam line (pipes, collimators, 
bellows). Theoretical analysis of Cherekov radiation commonly considers a “short bunch” 
approach [5-8]. It can be applied for various Cherenkov generation parameters, where the 
moving charge size is much less that the fundamental wavelength if the high frequency spectrum 
range is not under investigation.  
Recently a new theoretical approach that can be used for obtaining direct analytical formulas for 
electromagnetic field components at the position of a point-like bunch was proposed [1]. It was 
shown that the loss factor of the point-like bunch does not depend on the waveguide system 
material and is a constant for any given transverse dimensions and cross-section of the 
waveguides. The equivalence and exact matching of the loss factor of beams passing through 
various waveguide configurations was analyzed too. The proposed approach considers using an 
integral relation based on the cylindrical slow wave structure model. For planar, square and other 
cross-section geometries one can obtain the loss factor by using a conformal mapping from the 
solution for the cylindrical case [1].  
At the same time, for many practical applications an impedance boundary conditions (IBC) or 
Leontovich conditions [9-12] are commonly used. Recently it was proposed [13] to verify if the 
proposed method can be applied for impedance boundary conditions. With this paper, we have 
shown that the Leontovich boundary conditions can be also used if the relativistic Gauss theorem 
is applied. 
Integral transformation and Leontovich boundary conditions. 
Let us consider the circulation of the magnetic field on the metal boundary of a waveguide and 
apply Green's theorem 
 · ( )·
S
d d
⊥
= ∇×∫ ∫∫H l H S , (1) 
where the integral on the right hand side is calculated over the cross section S
⊥
 of the 
waveguide, and the left hand side integral is taken along the metal sleeve of the waveguide. Let’s 
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Here ( ) ( )0 0( )= − − −q z Vt x x y yρ δ δ δ  is the charge density ↑↑V ze  - charge velocity vector. 
Let us consider a special case when slow down media could be replaced with the Leontovich 
conditions [12] on the boundary of the vacuum channel. We consider a circulation of magnetic 
field on the boundary of the vacuum channel and rewrite it with the help of Green’s theorem (1) 
and Ampère's law (2) as: 
 
0
1
( )
V
z
S l
E
dS q d
c
ε δ ζ
ζ
⊥
′ ′
∂
= − + ⋅
∂
∫∫ ∫ H l  (3) 
Here S
⊥
′  - is the cross section of the vacuum channel, l′  - is the vacuum gap cross section 
boundary, Vt zζ = − . Leontovich conditions could be written as [12] 
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Here n  - is the normal vector to the boundary. In case of cross section orthogonal to the beam 
direction H
τ
 (H on contour l′ ) from (4) with external normal vector could be expressed as 
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where upper index V corresponds to vacuum channel. Substitution of (5) into (3) leads to 
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Integrating (6) over ζ  and taking into account condition at infinity ( ) 0
V
z
E −∞ = , one can write 
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In the limit γ →∞  
z
E  field in front of the bunch 0ζ <  should be equal to zero, thus second 
integral in (7) could be rewritten as: 
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Now we take limit of 0ζ → , in this case one can rewrite (7) with (8) as 
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here 0ζ∆ → . Proceeding with the limit one can write: 
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As one can see Leontovich boundary conditions in considered limits gives quite the same results 
(10), (11) as general approach or integral relation [1]. 
Frequency Dispersive Media. 
In case of a dispersive medium Leontovich conditions in Fourier space could be written as [12] 
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In case of cross section orthogonal to the beam direction H
τ
 (H on contour l′ ) from (12) with 
external normal vector could be expressed as: 
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Here Eɶ and Hɶ  is the Fourier components of the electric and magnetic field vectors respectively. 
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In Fourier space equation (3) with (13) could be written as: 
 
0
( )
exp
( ) 2
V V
z z
S l
q z
i E dS E dl i
V
ε ω
ω ω
µ ω piε
⊥
′ ′
 
− + = −  
 
∫∫ ∫ɶ ɶ  (15) 
Inverse Fourier transform of (15) leads to: 
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Here we have denoted: 
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At the point of a charge z Vt= . Substitution of z Vt=  into (16) leads to 
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In the limit γ →∞  
z
E  field in front of the bunch  should be equal to zero
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Now if we assume that charge is passing the channel for a long time enough or, in other words 
we are interested in wake asymptotic solution only then one should proceed with the limit of 
t →∞ . This leads to: 
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Thus for the point of the charge in the limit t →∞  one can write: 
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Let us introduce new coordinate Vt zζ = −  and rewrite (21) in terms of ζ : 
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As a consequence of the fact that field in front is zero and from (22) one can achieve: 
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Wakefield calculation using the Leontovich conditions and the integral theorem.  
In this section we will consider a direct solution of the wakefield analytical simulations with 
Leontovich boundary conditions in case of the point-like charge passing along the axis of the 
cylindrical vacuum channel lined with dielectric [14]. We compare here the previously obtained 
solution with those that could be derived with the help of the Leontovich boundary conditions, 
formula (6) by applying recently proposed integral theorem. Following the steps of [14] one can 
derive the following formula for the Fourier image of the scalar potential: 
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Longitudinal electric field 
z
E  could be found as [14] 
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Inverse Fourier transform leads to 
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Here Vt zζ = −  and /k cω= . Integral (29) has one pole at 2 /k ai ε=  thus field could be 
written as: 
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One can from (30) see that  
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which corresponds to a general result [1]. Now let’s consider equation(6), where taking into 
account the fact that in case γ →∞  in cylindrical vacuum channel with the charge moving along 
axis z then 
z
E  does not depend on transverse coordinates, and we immediately have from (6): 
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which leads to  
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In case 1µ =  solution of this equation could be written as  
 
2
0
2
( , ) ( )exp
z
q
E r
a a
ε
ζ θ ζ ζ
piε
 
= − −  
 
 (34) 
One can see that (34) exactly matches previous result (30) [14]. 
Correspondingly, it was shown that for the waveguide with a slowdown layer the solutions for 
the wakefields obtained as a Fourier decomposition or by applying an integral theorem [1] are 
identical even if the Leontovich approximation (4) is used. 
Summary 
In conclusion, with this paper we demonstrated that the impedance boundary conditions (IBC) or 
Leontovich conditions can be applied along with the recently proposed integral “relativistic 
Gauss theorem” for the point-like charge. First of all, it was shown that proposed theorem can be 
derived directly from the Maxwell equations even if only Leontovich approximation is used 
instead of the standard boundary conditions. The same approach was extended to the solutions 
for the dispersive media as well. Finally, the wakefield simulations for the Leontovich conditions 
were carried out for the slowdown waveguide using a Fourier decomposition method and 
proposed integral theorem. Both methods concluded with the same well-known expression for 
the wakefield behind the bunch.  
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